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Abstract: As been recently pointed out, physically relevant models derived from string

theory require the presence of non-vanishing form fluxes besides the usual geometrical

constraints. In the case of NS-NS fluxes, the Generalized Complex Geometry encodes

these informations in a beautiful geometrical structure. On the other hand, the R-R fluxes

call for supergeometry as the underlying mathematical framework. In this context, we

analyze the possibility of constructing interesting supermanifolds recasting the geometrical

data and RR fluxes. To characterize these supermanifolds we have been guided by the

fact topological strings on supermanifolds require the super-Ricci flatness of the target

space. This can be achieved by adding to a given bosonic manifold enough anticommuting

coordinates and new constraints on the bosonic sub-manifold. We study these constraints

at the linear and non-linear level for a pure geometrical setting and in the presence of p-form

field strengths. We find that certain spaces admit several super-extensions and we give a

parameterization in a simple case of d bosonic coordinates and two fermionic coordinates.

In addition, we comment on the role of the RR field in the construction of the super-metric.

We give several examples based on supergroup manifolds and coset supermanifolds.
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1. Introduction

Recently the pure spinor formulation of superstrings [1, 2] and the twistor string theory [3]

have promoted supermanifolds as a fundamental tool to formulate the string theory and

supersymmetric models. The main point is the existence of background fields of extended

supergravity theory (and therefore of 10 dimensional superstrings) which are the p-forms

of the fermionic sector of superstrings. Those fields can be coupled to worldsheet sigma

models fields by considering the target space as a supermanifold. Indeed, as shown in [4, 5]

by adding to the bosonic space some anticommuting coordinates θ’s, one can easily encode
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the informations regarding the geometry and the p-form fluxes into the supermetric of a su-

permanifold. In the present paper, we provide a preliminary analysis of the construction of

supervarieties on a given bosonic space with or without p-forms (these are usually described

by a bispinor Fµν since they couple to target space spinors). We have to mention the in-

teresting results found in [6 – 9] stimulated by the work [3, 10]. There the case of super-CY

is analyzed and it is found that by limiting the number of fermions, the constraints on the

bosonic submanifold of the supermanifold become very stringent. In addition, we would

like also to make a bridge with the recent successes of the Generalized Complex Geome-

try [11, 12] to construct N=1 supersymmetric vacua of type II superstrings [13]. In that

context, the flux of the NS-NS background contributes to the generalized geometry and

space is no longer CY. In the same way for a super-CY its bosonic subspace does not need

to be a CY.

The differential geometry of supermanifolds is a generalization of the usual geometry

bosonic manifolds extended to anticommuting coordinates. There one can define super-

vector fields, superforms and the Cartan calculus. In addition, one can extend the usual

Levi-Civita calculus to the fermionic counterparts defining super-Riemann, super-Ricci

and super-Weyl tensor fields. A tensor has fermionic components and each component

is a superfield. Due to the anticommuting coordinates, one defines also a metric on a

supermanifold which can be generically given by

ds2 = G(mn)dxm ⊗ dxn + Gmµdxm ⊗ dθµ + G[µν]dθµ ⊗ dθν (1.1)

where G(mn)(x, θ), Gmµ(x, θ), G[µν](x, θ) are superfields and the tensor product ⊗ respects

the parity of the differentials dxm, dθµ. The superfields are polynomials of θ’s and the co-

efficients of their expansions are ordinary bosonic and fermionic fields. For example the ex-

pansion of Gmn(x, θ) = G
(0)
mn(x)+ . . . has a direct physical interpretation: G

(0)
mn = g

(body)
mn (x)

where the latter is the metric of the bosonic submanifold and the higher components are

fixed by requiring the super-Ricci flatness. The physical interpretation of Gµm and Gµν is

more interesting. Indeed, as suggested by the pure spinor string theory [1, 14, 15] the first

components of Gµν can be identified with a combination of RR field strengths (in the text,

this point will be clarified further). The first component of Gµm are fixed by consistency

and, in a suitable gauge, it coincides with a Dirac matrix.

This is not the only way in which the RR fields determine the geometrical structure

of the supermanifold. We learnt from recent analysis [16 – 19] in superstrings and, con-

sequently in supersymmetric field theory, that the superspace can be deformed by the

existence of RR field strength Fµν(x, θ)

{θµ, θν} = Fµν . (1.2)

This has been only verified for constant RR field strengths.

Notice that a given bispinor Fµν is decomposed into a symmetric F (µν) and antisym-

metric part F [µν]. Therefore, it is natural to identify the antisymmetric part with the

fermion-fermion (FF) components G[µν](x) of the supermetric (1.1) and the symmetric one

with the non-vanishing r.h.s. of (1.2). This is very satisfactory since it provides a complete
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mapping between the superstring background fields and the deformations of the superspace:

the non-commutativity and the non-flatness. Indeed, the presence of a superfield Gµν(x, θ)

in the supermetric modifies the supercurvature of the superspace. So, finally we can sum-

marize the situation in the following way: given the backgrounds gmn and the NSNS bmn

they are responsible for the deformation of the bosonic metric and of the commutation

relations between bosonic coordinates [xm, xn] = θ[mn] (where θmn = (b−1)mn). On the

other side, the RR fields deforms the supermetric and the anticommutation relations.

There is another important aspect to be consider. The anticommuting deformation of

superspace is treatable whether the field strength Fµν of the RR field is constant and, in

four dimensions [18], whether is self-dual. In that case, there is no back-reaction of the

metric and it is a solution of the supergravity equations. In the case of antisymmetric RR

fields, which deform the supermetric (1.1), we have to impose a new condition in order

that the worldsheet sigma model is conformal and therefore treatable. We require that the

supermanifold is super-Ricci flat

RMN = 0 . (1.3)

In this way, we can still use some of the conventional technique of conformal field theory and

of topological strings to study such models. The main point is that even if there is back-

reaction, this is under control since the total superspace is super-Ricci flat [4, 5, 20 – 22].

We would like to remind the reader that the super-Ricci flatness is the condition

which guarantees the absence of anomalies in the case of B-model topological strings on

supermanifolds [23]. This is equivalent to the well-known condition for conventional B-

model on bosonic target spaces. The latter have to be Calabi-Yau which are Ricci-flat

Kähler spaces. A main difference is that the CY must be a 3-fold in order to compensate

the ghost anomaly. In the case of supermanifold this is given by a virtual dimension which

is essentially the difference between the bosonic and fermionic dimensions [24]. In the A-

model, the CY conditions is required for open string in presence of D-branes (see [23] for

a complete discussion).1

We start with a metric on a given space, for example the round sphere metric for Sn,

or Fubini-Study metric for CPn. Then we construct the corresponding supermanifold by

adding anticommuting coordinates and additional components of the metric (in some cases,

the extension of the metric to a super-metric is not enough and some non-vanishing torsion

components are necessary) and we require the super-Ricci flatness. As a consequence, we

notice that the first coefficient of Gµν must be different from zero. Namely, we need a non-

vanishing component of the fermion-fermion part of the metric. However, in general for

a given space, no invariant spinorial tensor exists to provide such component. Therefore,

we argue that this should be identified with p-form fluxes needed to sustain the solution

of the supergravity. As a matter of fact, super-Ricci flatness does not seems to relate the

value of the flux with the geometry of the bosonic submanifold. In fact, we will see in the

forthcoming sections, the value of the flux is fixed by a suitable normalization which is

implemented by a gauge condition on the supermetric. So, we conclude that super Ricci

1We would like also to recall the work [25, 25 – 28] where the construction of worldsheet sigma models

on generalized CY is developed.

– 3 –



J
H
E
P
0
1
(
2
0
0
7
)
0
6
8

flatness turns out to be a necessary ad useful condition, but it does not seem to be sufficient

to characterize the vacuum of the theory.

We have to divide the analysis in two parts: the first one is the analysis of linearized

equations and the second one concerns the analysis of the non-linear theory. It turns out

that for the linear equation one gets very strong constraints on the bosonic metric such as

the scalar curvature must be zero (see also [6, 7, 9]). This is compatible with the flat or

Ricci flat space, but certainly is not true for a sphere or any Einstein manifold. Therefore,

it is unavoidable to tackle the non-linear analysis to see whether these constraints can be

weakened. Let us explain briefly the lines of analysis. The Ricci-flatness condition (1.3) can

be analyzed by expanding the super-metric in components. Since we are interested only

in the vacuum solutions, we decompose the superfields of the super-metric into bosonic

components by setting to zero all fermionic ones. This implies a set of equations for each

single component. Among them, a subset of these equations can be easily solved; indeed,

the equations for the components to the order n are solved in terms of some components

at the n + 1 order. However, the equations for highest-components cannot be solved

algebraically and in fact, by plugging the solutions of the lower orders in these equations,

one finds high-derivative equations for the lowest components.

To show that our analysis is not purely academic, we give some examples of super-

manifolds modeled on some bosonic submanifold. Of course, the most famous example

is PSU(2, 2|4) (from AdS/CFT correspondence) and SL(4|4) (appearing in twistor string

theory). Moreover, we give examples based on Sn, V (p,q) and CP
n. As a by-product we

construct a super-Hopf fibration connecting the different types of supercoset manifolds.

One interesting example is the construction of a supermanifold with T (1,1) as a bosonic

submanifold. In addition, we propose a construction which can be applied to any Einstein

spaces, and in particular to Sasaki-Einstein space and Kähler-Einstein. At the moment we

have not explored the role of Killing spinors, Killing vectors and the role of supersymmetry

in the construction. We only argued that if the supermanifold is obtained as a single coset

space and not a direct product of coset space, it has more chances to have an enhanced

supersymmetry. The relation between supersymmetry and the construction of super-Ricci

flat supermanifold will be explored in forthcoming papers. More important, it is not yet

established the relation between the solution of supergravity and the super-Ricci flatness.

The paper is organized as follows: in section 2 we recall some basic fact about superge-

ometry. . In section 3, we present a general strategy, we study the linearized version of the

constraints and, in the case of d bosonic coordinates and 2 fermionic directions, we analyze

completely the non-linear system. In section 4, we study the construction of supercosets

modeled on bosonic cosets. In section 5, we add the fluxes (RR field strengths). appendices

A and B contain some related material.

2. Elements of supergeometry

We adopt the definition of supermanifold given in [29] based on a superalgebra with the

coarse topology. However, this is not the only way and there is an equivalent formulation
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based on sheaves and flag manifolds [30, 31]. The equivalence turns out to be useful for

studying topological strings on supermanifolds [32].

2.1 Supermanifolds

A supermanifold M (m|n) is called Riemannian if it is endowed with a metric supertensor

which is a real non-singular commuting tensor field GMN satisfying the following graded-

symmetry condition:

GMN = (−1)MNGNM . (2.1)

The meaning of (2.1) becomes more evident if one distinguishes between bosonic and

fermionic components and rewrites the metric supertensor as a block supermatrix G

GMN =




gmn hmν

hT
νm jµν



 (2.2)

being g an m×m real symmetric commuting matrix, j an n×n imaginary antisymmetric

commuting matrix and h an m × n imaginary anticommuting one. Obviously the first

component of the superfield of the even-even block g is an ordinary metric for the body

M (m) of the supermanifold M (m|n). Body means the bosonic submanifold.

Note that the supermetric G is preserved by the orthosymplectic supergroup OSp(m|n)

whose bosonic submanifold is the direct product SO(m) × Sp(n) of an orthogonal group

encompassing the Lorentz transformations of the metric g with a symplectic group mixing

the odd directions. Thus, we immediately see that the number n of fermionic dimensions

(in the paper this is also denoted by dF ) over a Riemannian supermanifold must be even,

otherwise Sp(n) would not be defined.

The vielbein formalism can be constructed in the same way: supervielbeins will carry

a couple of superindices whose different parity combinations induce the matrix block form

EA
M =




E a

m E a
µ

E α
m E α

µ



 (2.3)

with commuting diagonal blocks and anticommuting off-diagonal blocks. The correct for-

mula to pass from supervielbeins to supermetrics is

GMN = (−1)MA EA
M ηAB EB

N (2.4)

where η denotes the flat superspace metric diag(

m
︷ ︸︸ ︷

1, . . . ,1 ,−1, . . . ,−1 ,

n
︷ ︸︸ ︷
σ2, . . . , σ2 ) . But

what is ηµν? A question that has been raised several times in the literature (see for

example [33] for a review and some comments), and it turns out that the flat super-metric

in the fermionic directions ηµν cannot be always defined for any models. For example, in

the case of 10d supergravity IIB there is no constant tensor which can be used to raise and

lower the spinorial indices and to contact to Weyl indices. However, it is also known that

a typical bispinor emerges in the quantization of superstrings in the fermionic sector of the

theory and these states are known as the RR fields. Indeed, in the case of constant RR
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fields, one can identify the fermionic components of the flat supermetric with constant RR

field strength. This will be discuss in section 5.

The inverse of a supermetric GMN is computed by inverting the supermatrix GMN .

In order that the inverse exists it must be that det(Gmn) and det(Gµν) do not vanish.

2.2 Kähler supermetrics

A very important subclass of supermetrics consists of so-called Kähler supermetrics, which

are a straightforward generalization of the usual Kähler metrics living on ordinary mani-

folds. As one can expect, the components GMN̄ of such a supermetric are obtained applying

superderivatives - denoted by “ , ” - to a superpotential K :

GMN̄ = K, MN̄ . (2.5)

As a consequence the body of a Kähler supermanifold with a supermetric GMN̄ originated

by a superpotential K is a Kähler manifold endowed with the metric gmn̄ obtained by

applying two derivatives to the bosonic part of K according to g (body)

mn̄ = ∂m∂n̄ K|θ=0 .

2.3 Superconnections and covariant superderivative

The idea of connection and covariant derivative have their relative supergeometric coun-

terparts. Indicating superconnections with Γ, one writes the defining rules for covariant

superderivatives - denoted by “ ; ” - as follows:

Φ;M = Φ,M , (2.6a)

XM
; N = XM

, N + (−1)P (M+1)XP ΓM
PN , (2.6b)

ΦM ;N = ΦM, N − ΦP ΓP
MN . (2.6c)

A superconnection over a supermanifold M (m|n) can be chosen in many ways. Usually this

freedom is restricted by demanding that the superconnection be metric-compatible, i.e. that

the covariant superderivative of the supermetric vanishes, and that the coefficients ΓM
NP

be graded-symmetric in their lower indices. These two requirements uniquely determine

the superconnection to be given by the super Christoffel symbols

{
M

N P

}

=
1

2
(−1)Q GMQ [GQN,P + (−1)NP GQP,N − (−1)Q(N+P ) GNP,Q ] . (2.7)

They obviously coincide with the usual Christoffel symbols over the body M (m). The

same conditions can also be rephrased in terms of the supervielbein EA and the spin-

superconnection ΩA
B :

dEA + ΩA
B ∧ EB = 0 . (2.8)

The superspin connection ΩA
B is a 1-form.
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2.4 Riemann and Ricci supercurvatures

Taking care of signs due to different parities, Riemann and Ricci curvatures can be easily

generalized to supermanifolds by the formulae

RM
NPQ = − ΓM

NP, Q + (−1)P (N+R) ΓM
RP ΓR

NQ

+ (−1)PQ ΓM
NQ, P − (−1)Q(N+P+R) ΓM

RQ ΓR
NP

(2.9)

and

RMN = (−1)P (M+1) RP
MPN

= (−1)P (M+1)
[

− ΓP
MP, N + (−1)P (M+Q) ΓP

QP ΓQ
MN

+ (−1)NP ΓP
MN, P − (−1)N(M+P+Q) ΓP

QN ΓQ
MP

]

.

(2.10)

Alternatively the Riemann supertensor can be defined as a differential superform by using

the spin-superconnection ΩA
B :

dΩA
B + ΩA

C ∧ ΩC
B = RA

B . (2.11)

If the superconnection does verify metric-compatibility and graded-symmetry conditions,

Riemann and Ricci supertensors respectively satisfy the algebraic properties

RMNPQ = − (−1)MNRNMPQ = − (−1)PQRMNQP = (−1)(M+N)(P+Q)RPQMN (2.12)

and

RMN = (−1)MNRNM , (2.13)

while Bianchi identities read

RMNPQ;R + (−1)P (Q+R)RMNQR;P + (−1)R(P+Q)RMNRP ;Q = 0, (2.14)

R N
MN ; − 1

2
R ;M = 0 , (2.15)

where R = RMN GNM is the curvature super-scalar. In terms of supervielbeins, the van-

ishing of super-Ricci tensor can be written as

EM
ARA

B[MN} = 0 . (2.16)

The tensor RA
BMNEM

CEN
D = RA

BCD is the curvature of the superspin connection (see [34]).

R = RMN GNM is the curvature super-scalar and there is a very compact formula for the

Ricci curvature of Kähler supermanifolds

RMN̄ = − ( ln sdetG), MN̄ . (2.17)

which mimics the well-known formula of bosonic Kähler manifolds.
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2.5 Supertorsion

Retaining the metric compatibility and relaxing the graded-symmetry condition, in general

superconnections depend on the supermetric and the supertorsion

T M
NP = ΓM

NP − (−1)NP ΓM
PN . (2.18)

To be precise, a generic metric-compatible superconnection is the sum

ΓM
NP =

{
M

N P

}
+ KM

NP (2.19)

of the Levi-Civita superconnection (2.7) with so called supercontorsion K defined by

KM
NP =

1

2

(

TM
NP −(−1)Q(N+1)GMQGNRTR

QP −(−1)Q(P+1)+NP GMQGPRTR
QN

)

. (2.20)

The corresponding Ricci supercurvature can be obtained adding a few terms to the expres-

sion valid with vanishing torsion:

RMN = (2.10) + (−1)P (M+1)
(
− KP

MP ;N +(−1)P (M+Q)KP
QP KQ

MN

+(−1)NP KP
MN ;P −(−1)N(M+P+Q)KP

QNKQ
MP

)
.

(2.21)

In terms of the super-vielbeins, the torsion tensor is given by

TA
BCEC ∧ EB = TA ≡ dEA + ΩA

B ∧ EB . (2.22)

3. Supermanifolds on given bosonic manifolds

In the present section we are interested in studying examples of supermanifolds which have

a given bosonic submanifold. We construct a corresponding supermanifold by adding the

anticommuting coordinates and by requiring that the supermanifold is super-Ricci flat.

Before proceeding we would like to give an example of a simple model where the

procedure for constructing a supermanifold is illustrated. Let us consider the superfield

Φ(x, θ) and we set to zero all fermionic components. Then, Φ =
∑

n Φn(θ2)n. We can

consider the naive generalization of the Klein-Gordon (KG) equation ∂m∂mφ + 1
3!φ

3 = 0

to a superfield equation

ηAB ∂B∂AΦ +
1

3!
Φ3

0 = (∂m∂m + ∂µ∂µ)Φ +
1

3!
Φ3 = 0 (3.1)

where the contraction of the spinorial indices is performed with an invariant tensor (see the

discussion in section 2 after eq. (2.4)). To be precise, we assume that the supermanifold is

R
(3|2) and therefore eq. (3.1) decomposes into two equations

∂m∂mΦ0 +
1

3!
Φ3

0 + 2Φ2 = 0 , ∂m∂mΦ2 +
1

2!
Φ2

0Φ2 = 0 . (3.2)

The first equation can be easily solved in terms of Φ2 and, by inserting it into the second

equation, we get a four-derivative differential operator (which in principle has ghosts) and

the field equation

∂4Φ0 +
1

3!
∂2Φ3

0 +
1

2!
Φ2

0 ∂2Φ0 +
1

12
Φ5

0 = 0 . (3.3)
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This is a weaker condition on Φ0 than the usual KG equation and it must be solved in

order that the superfield Φ0 can be the first component of the superfield Φ which solves

the new KG equation. The present example has no physical relevance, but it illustrates

the problem appearing in the extension of a given bosonic metric to a supermetric and the

extension of the bosonic equations to super-equations. Even in this case, we assume that

the background has no fermions and we add only superfields with bosonic components.

We have to mention that equations similar to (3.1) where already proposed in several

papers in the first years of supersymmetry (see for example [35 – 37]). However, this con-

struction was abandoned since the resulting theories possess ghosts and higher-spin fields

(see for example [33] and the references therein). Here, we do not pretend to interpret

the super-Ricci flatness as field equations with dynamical content, but we consider these

equations a way of recasting the informations on the manifold together the RR fluxes in

a single mathematical structure. This is very similar to the case of NS-NS fluxes and the

generalized geometry of [11, 12].

3.1 General framework

In the present section, we give the general equations of the super-Ricci tensor RMN by

expanding the supermetric in components. These are very useful in order to single out the

structure of the equations. Indeed, it can be observed that at each order there is free com-

ponent of the supermetric that is used to solve the corresponding equation. First, we show

that every equation at the level lower than the maximum θ-expansion can be easily alge-

braically solved, then we show that the remaining equations are high derivatives and they

provide consistency conditions for the construction of the corresponding supermanifold.

As in the above example, using the iterative equations, one derives the highest derivative

equation. This is rather cumbersome since the iterative procedure tends to explode soon

in long unmanageable expressions. We first tame the linearized system and then we tackle

the non-linear one. For the former we are able to provide a complete analysis; for the latter

only the case (d|2) will be discussed.

In order to study the structure of the equation for super Ricci-flat manifold it is

convenient to consider the bosonic and fermionic components separately. For that we

display the few terms coming from the superfield expansion of the supermetric:

Gmn = gmn +
1

2
fmnµν θνθµ + O(θ4),

Gmν = tmνρ θρ +
1

6
wmνρστ θτθσθρ + O(θ5),

Gµν = hµν +
1

2
lµνρσ θσθρ + O(θ4) ,

(3.4)

where the superfield gmn has the following boundary term

Gmn|θ=0 = g(body)
mn (3.5)

with g
(body)
mn the metric of the bosonic submanifold. The expansion of the superfield GMN

contains both commuting and anticommuting components, however since we are interested

– 9 –
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only in supermanifold modeled on bosonic manifold plus some p-forms, we set all the

fermionic component to zero.

Obviously, the metric is defined up to superdiffeomorphisms; they are the gauge sym-

metries under which the Ricci tensor is invariant. A superdiffeomorphism is parametrized

by a supervector field ξM = (ξm, ξµ) where ξm and ξµ are superfields. The completion from

the usual symmetries, namely diffeomorphisms and local supersymmetry, is obtained by

the so-called gauge-completion (see for a review [33]) and the complete answer is given by

δGMN = GMP ξP
;N + (−)(P+1)N ξP

;M GPN . (3.6)

This symmetry is used to impose suitable gauge choices simplifying the algebraic analysis.

We found advantageous to fix the gauge as in [38, 39].

At the lowest order in the odd variables the equation RMN = 0 reads (in appendix A

the Ricci tensor Rµm is given)

Rmn = R(body)
mn − 1

2
hρσ(hσρ ;(mn) − tm[σρ];n − tn[σρ];m + fmnσρ)

−1

4
hµνhνρ,mhρσhσµ,n + hµνtm(νρ)h

ρσtn(σµ) + O(θ2)

= 0 , (3.7)

Rµν = −1

2
gmn(hµν;mn − 2 tm[µν];n + fmnµν) −

1

2
hρσ(lµνσρ + lσρµν + lµρσν + lσνµρ)

−1

4
hρσgmn[(2 tm[µν] − hµν,m)(2 tn[σρ] − hσρ,n) + (2 tm[µρ] − hµρ,m)(2 tn[σν] − hσν,n)]

+
1

4
hρσgmn(2 tm(µρ) − hµρ,m)(2 tn(νσ) − hνσ,n) + O(θ2)

= 0 . (3.8)

eq. (3.7) can be easily solved in terms of fmnρσ. In the same way, (3.8) is solved by a

suitable combination of lµνρσ. At the next order, a free bosonic field will appear from the

expansion of the superfields GMN and a new equation fixes it. This iterative procedure

allows us to solve the complete set of equations, starting from a given bosonic metric gmn

(and with a flat supermetric in the fermionic sector g[µν]), in terms of the components of

GMN . At the end of the iterative procedure, we find the consistency conditions on the

bosonic manifold. We first analyze the linearized equations and we expand around the

flat space and around a Ricci flat (R
(body)
mn ) bosonic space. It turns out that variation of

the bosonic Ricci tensor must satisfy a set of differential equations (with a high-derivative

differential operator) and some algebraic conditions (the space must have vanishing scalar

curvature). However, some of the constraints are weaker in the non-linear theory.

Furthermore, one can also impose additional structure in the superspace such as a

supercomplex structure. Some simplifications are in order in the case of a Kähler manifolds.

On a Kähler supermanifold the hermitian metric supertensor comes from a Kähler

superpotential, K , by the following formula:

GMN̄ = K , MN̄ . (3.9)
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As a consequence the Ricci super-tensor components in holomorphic coordinates reduce to

the form

RMN̄ = −(−1)P+QG P̄QGQP̄ ,MN̄ + (−1)P+Q+S+M(P+R)GPQ̄GQ̄R,MGRS̄GS̄P,N̄

= −(ln sdet G),MN̄

(3.10)

We can expand again the supermetric in the odd coordinates (θµ, θµ̄)

Gmn̄ = gmn̄ + hρσ̄,mn̄ θσ̄θρ +
1

2
fmn̄ρσ θσθρ +

1

2
fmn̄ρ̄σ̄ θσ̄θρ̄ + O(θ4),

Gmν̄ = h ν̄ρ,m θρ + tmν̄ρ̄ θρ̄ + O(θ3),

Gµn̄ = tµn̄ρθ
ρ + hµρ̄,n̄ θρ̄ + O(θ3),

Gµν̄ = hµν̄ + lµν̄ρσ̄ θσ̄θρ +
1

2
lµν̄ρσ θσθρ +

1

2
lµν̄ρ̄σ̄ θσ̄θρ̄ + O(θ4), (3.11)

fmn̄ρ̄σ̄ = f∗
nm̄σρ ,

tρm̄σ = t∗mρ̄σ̄ ,

lµν̄ρ̄σ̄ = l∗νµ̄σρ ,

and obtain the equivalent of the super Ricci-flatness equation, RMN = 0 , for g, h, l and t .

The last line expresses the constraints coming from the hermiticity of the Kähler potential.

At the lowest order in the odd variables one gets

Rmn̄ = R(body)

mn̄ − hρ̄σ hσρ̄,mn̄ − hµν̄ hν̄ρ,mhρσ̄hσ̄µ,n̄ + O(θ2)

= R(body)

mn̄ + ( ln(det h)),mn̄ + O(θ2)

= 0 ,

Rµν̄ = − gp̄qhµν̄,qp̄ − hρ̄σ lσρ̄µν̄ − hρσ̄hσ̄µ,p gpq̄hρν̄,q̄ + hρσ̄ tpσ̄ν̄ gpq̄ tρq̄µ + O(θ2)

= 0 ,

where R(body)
mn is the Ricci tensor on the body of the Ricci-flat Kähler supermanifold (SCY)

and h = (hµν̄), from which

R(body)

2
= hρ̄σ hσρ̄,mn̄ gmn̄ + hρσ̄ hσ̄µ,mhµν̄hν̄ρ,n̄ gmn̄

= −hµν̄hρσ̄ (lρσ̄µν̄ + gq̄ptρq̄µ tpσ̄ν̄). (3.12)

From this equation, one can easily extract the result of [6, 7] by setting µ, ν = 1. This tells

us that if there are no enough anticommuting coordinates one cannot embed the bosonic

manifold into a super-Ricci flat manifold. In addition, this is also a counterexample to

support the non-existence of the Yau theorem for super-Calabi-Yau spaces.

To conclude this section, we have to say that the equations (3.7), (3.8) given in the

present form and expanded to all orders of the anticommuting variables are untreatable

and therefore we need to use a different technique. In the appendix we show how to solve

the equations using the vielbein-spin connection formalism.

– 11 –



J
H
E
P
0
1
(
2
0
0
7
)
0
6
8

3.2 Linearized equations

We start from the linear equations from a flat bosonic manifold and we add the fermionic

coordinates perturbatively. This can be done by linearizing the Ricci-flatness condition

and solving the corresponding equations.

As already suggested, all equations can be easily solved except the very last ones and

those give us some conditions on the bosonic metric. Afterwards, we generalize the con-

struction by starting from a Ricci flat bosonic manifold. This example is rather important

since allows us to study the deformation from a CY space to a super-CY space.

In order to discuss linearized equations, we suppose to apply a perturbation

δGMN = HMN (3.13)

to a supermetric and study the corresponding variation of the associated Ricci supertensor,

δRMN = (−1)Q+P (M+N+1) GPQ

2

[
(−1)MNHQN ;MP − (−1)Q(M+N)HMN ;QP

+ HQM ;NP − (−1)P (M+N)HQP ;MN

]
,

(3.14)

which, making parity of indices explicit, splits into

δRmn =
1

2
(−1)P+QGPQ

[
HQm;nP +HQn;mP −Hmn;QP −HQP ;mn

]
, (3.15a)

δRmµ =
1

2
(−1)QGPQ

[
HQm;µP +HQµ;mP −(−1)QHmµ;QP −(−1)P HQP ;mµ

]
, (3.15b)

δRµν =
1

2
(−1)P+QGPQ

[
HQµ;νP −HQν;µP −Hµν;QP −HQP ;µν

]
. (3.15c)

We consider deformations of a super Ricci-flat background realized by adding dF flat

fermionic directions to a Ricci-flat body: in this case (3.15)’s reduce to

δRmn =
1

2
g pq

[
Hqm;np + Hqn;mp − Hmn;qp − Hqp;mn

]
(3.16a)

+
1

2
j ρσ

[
Hσm;nρ + Hσn;mρ − Hmn;σρ − Hσρ;mn

]
, (3.16b)

δRmµ =
1

2
g pq

[
Hqm;µp + Hqµ;mp − Hmµ;qp − Hqp;mµ

]
(3.16c)

−1

2
j ρσ

[
Hσm;µρ + Hσµ;mρ + Hmµ;σρ + Hσρ;mµ

]
, (3.16d)

δRµν =
1

2
g pq

[
Hqµ;νp − Hqν;µp − Hµν;qp − Hqp;µν

]
(3.16e)

+
1

2
j ρσ

[
Hσµ;νρ − Hσν;µρ − Hµν;σρ − Hσρ;µν

]
, (3.16f)

where g is the metric on the body and j is the flat fermionic supermetric given by

j = diag[σ2 , . . . , σ2
︸ ︷︷ ︸

dF /2

] . (3.17)
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We can now θ-expand (3.16)’s and get

δR
(2k)
mn[τ1...τ2k ] =

1

2
g pq

[
H

(2k)
qm[τ1...τ2k ];np + H

(2k)
qn[τ1...τ2k ];mp (3.18a)

−H
(2k)
mn[τ1...τ2k ];qp − H

(2k)
qp[τ1...τ2k ];mn

]

+
1

2
j ρσ

[
(2k + 1)H

(2k+1)
σm[ρτ1...τ2k ];n + (2k + 1)H

(2k+1)
σn[ρτ1...τ2k ];m

−(2k + 2)(2k + 1)H
(2k+2)
mn[σρτ1 ...τ2k ] − H

(2k)
σρ[τ1...τ2k ];mn

]
,

δR
(2k+1)
mµ[τ1...τ2k+1] =

1

2
g pq

[
(2k + 2)H

(2k+2)
qm[µτ1...τ2k+1];p + H

(2k+1)
qµ[τ1...τ2k+1];mp (3.18b)

−H
(2k+1)
mµ[τ1...τ2k+1];qp − (2k + 2)H

(2k+2)
qp[µτ1...τ2k+1];m

]

−(k + 1) j ρσ
[
(2k + 3)H

(2k+3)
σm[µρτ1 ...τ2k+1] + H

(2k+2)
σµ[ρτ1...τ2k+1];m

+(2k + 3)H
(2k+3)
mµ[σρτ1 ...τ2k+1] + H

(2k+2)
σρ[µτ1...τ2k+1];m

]
,

δR
(2k)
µν[τ1...τ2k ] =

1

2
g pq

[
(2k + 1)H

(2k+1)
qµ[ντ1...τ2k ];p − (2k + 1)H

(2k+1)
qν[µτ1...τ2k ];p (3.18c)

−H
(2k)
µν[τ1...τ2k ];qp − (2k + 2)(2k + 1)H

(2k+2)
qp[µντ1...τ2k ]

]

+(2k + 1)(k + 1) j ρσ
[
H

(2k+2)
σµ[νρτ1...τ2k ] − H

(2k+2)
σν[µρτ1...τ2k ]

−H
(2k+2)
µν[σρτ1...τ2k ] − H

(2k+2)
σρ[µντ1...τ2k ]

]
.

Analizing the recursive structure of (3.18)’s, one realizes that the only independent fields

which effectively play a role in constraining gmn are obtained by contracting odd indices

with j as follows:

S (2k)
mn = H

(2k)
mn[τ1...τ2k ] j

τ1τ2 · · · j τ2k−1τ2k , (3.19a)

T (2k+1)
m = H

(2k+1)
mτ1[τ2...τ2k+2] j

τ1τ2 · · · j τ2k+1τ2k+2 , (3.19b)

U (2k) = H
(2k)
τ1τ2[τ3...τ2k+2] j

τ1τ2j τ3τ4 · · · j τ2k+1τ2k+2 , (3.19c)

V (2k) = H
(2k)
τ1τ2[τ3...τ2k+2] j

τ1τ3j τ2τ4 · · · j τ2k+1τ2k+2 . (3.19d)

From these definitions one has a few identities:

V (0) = 0 , U (dF ) = dF V (dF ) , S (0)
mn = δgmn . (3.20)

The calculation is simplified by a gauge-fixing of the supermetric (3.6): a convenient choice

is

Gmµ θµ = 0 , Gµν θνθµ = jµν θνθµ , (3.21)

which, in terms of variations, becomes

Hmµ θµ = 0 , Hµν θνθµ = 0 . (3.22)

We notice that some of the fields defined in (3.19) are vanishing because of the gauge-fixing:

T (1)
m = 0 , U (0) = 0 . (3.23)
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Introducing S, T , U and V into (3.18)’s, one obtains in principle four field equations but

one of them follows from the other ones when Ricci curvature of the body vanishes. The

remaining three field equations corresponding to super Ricci-flatness are

(2k + 2)(2k + 1)S(2k+2)
mn = (2k + 1)

(

T (2k+1)
m;n + T (2k+1)

n;m

)

− U (2k)
;mn (3.24a)

−gpq
(

S(2k)
qm;np + S(2k)

qn;mp − S(2k)
mn;qp − S(2k)

qp;mn

)

,

(2k + 2)(2k + 1)
(

U (2k+2) + V (2k+2)
)

= 2

(

U (2k) + V (2k)
)

, (3.24b)

2S(2k) m
m − S(2k) mn

mn; = 2

(

U (2k) + V (2k)
)

. (3.24c)

Recalling the identity (3.20) and the gauge-fixing (3.23), from here we find

U (2k) + V (2k) = 0 , U (dF ) = V (dF ) = 0 , (3.25)

so that (3.24b) is automatically solved and (3.24c) with k = 0 shows that, at linear order,

the curvature scalar on the body has to be zero:

R (body) = 0 . (3.26)

Besides this algebraic constraint on the Ricci curvature, also some differential consistency

condition has to be taken into account that comes from the remaining constraints. Intro-

ducing

Ŝ (2k+2)
mn

def
= (2k + 2)! S (2k+2)

mn − (2k + 1)!
(

T (2k+1)
m;n + T (2k+1)

n;m

)

+ (2k)! U (2k)
;mn (3.27)

into (3.24a) and (3.24c), one can rewrite them as

Ŝ (2k+2)
mn = 2 Ŝ (2k)

mn + 2 Ŝ pq
(2k) R (body)

pmqn (k > 0) (3.28)

with

Ŝ (2)
mn = − 2 δR (body)

mn , Ŝ (dF + 2)
mn = 0 . (3.29)

In other words, at linear order, the only condition to require in addition to (3.26) is

L dF /2
R R (body)

mn = 0 (3.30)

where LR is the Lichnerowicz operator defined on Ricci-flat spaces by

LR Xmn = 2Xmn + 2 X pq R (body)
pmqn . (3.31)

In conclusion, at linear order, a Ricci-flat manifold can be deformed in the body of a

Ricci-flat supermanifold only if conditions (3.26) and (3.30) are satisfied, and, in that

case, an overlying supergeometrical structure is constrained by (3.25), (3.28) and (3.29).

As a consequence, if a consistent deformation is possible, an infinite number of Ricci-flat

supermanifolds with gauge-fixed supermetric can be constructed over the same bosonic

body.

It would be interesting to compare the present result with the results of paper [9].

We plan to explore deeply the relation between the super-Ricci flatness equations and the

moduli space of the supervarieties.
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3.3 Non-linear equations

Since a complete general analysis is rather cumbersome, we give the complete expressions

only in the case of (d|2)-dimensional supermanifolds. We show that equations at the lowest

order can be indeed solved by some free components of the superfields and we derive

the equations for the highest components. Following the scheme given in section 3.2, by

substituting the lower-order results one gets the final constraints on the metric of the

bosonic submanifold.

As in the present case there are just two fermionic directions, the θ-expansion of the

supermetric with the gauge-fixing (3.21) is given by

Gmn = gmn +
1

2
G(2)

mn θ2,

Gmν = i G
(1)
m(νρ) θρ, (3.32)

Gµν = i εµν

(

1 +
1

2
f(2) θ2

)

where θ2 = i εµν θνθµ. The metric satisfies the gauge fixing condition θµGµm = 0 and

Gµνθν = iεµνθν.

In order to make the notation more convenient, we introduce the matrix field Am

defined by

(Am)µν = εµλ G
(1)
m(λν) . (3.33)

Since (Am)µν are real 2× 2 traceless matrices they form a connection for SL(2, R) which is

the isometry group of the fermionic sector. The 0-order boson-boson and fermion-fermion

blocks of the Ricci supertensor are

R(0)
mn = Rmn + G(2)

mn + Tr (AmAn) , (3.34)

R(0)
µν = i εµν

(
1

2
R − 3 f(2)

)

, (3.35)

therefore, the super Ricci-flatness condition fixes all θ2-order components in terms of the

metric gmn and of the field Am

G(2)
mn = −Rmn − Tr (AmAn) , (3.36)

f(2) = −R

6
. (3.37)

As a result any super Ricci-flat gauge-fixed supermetric will have the form

Gmn = gmn − 1

2
(Rmn + Tr (AmAn)) θ2,

Gmν = i ενλ(Am)λρ θρ, (3.38)

Gµν = i εµν

(

1 − 1

12
R θ2

)

.
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Using these relations, after tedious, but straightforward calculations one finds some very

compact formulae for the high-order components of the Ricci supercurvature:

R(2)
mn =

1

2
2Rmn + R pqRmpnq −

1

3
R Rmn − 1

6
∇m∇n R

+
1

2
Tr (FmpF

p
n ) − 1

2
Tr (AmDpFnp) −

1

2
Tr (AnDpFmp) , (3.39)

R(1)
mµν =

i

2
εµλ (DnFmn)λν , (3.40)

R(2)
µν =

i

4
εµν

(

gmnR(2)
mn + Tr (AmDnFmn)

)

. (3.41)

By Dm and Fmn we simply mean the gauge-covariant derivative and field strength used in

non-abelian gauge theories:

Dm = ∇m + [Am, · ] , Fmn = ∇mAn −∇nAm + [Am, An] . (3.42)

where [ · , · ] is the SL(2, R) Lie product. As one can easily see from (3.41), R
(2)
µν = 0 follows

from R
(2)
mn = R

(1)
mνλ = 0 hence the complete super Ricci-flatness condition is equivalent to

the following couple of constraints:

1

2
2Rmn + R pqRmpnq −

1

3
RRmn − 1

6
∇m∇n R = −1

2
Tr (FmpF

p
n ) , (3.43)

DnFmn = 0 . (3.44)

Thus, when a given manifold does admit a Ricci-flat super-extension, this is not unique even

after the gauge-fixing of the supermetric and the corresponding moduli are encoded into a

SL(2, R) gauge theory living on the body. To get the most general Ricci-flat supermetric

we perform super-diffeomorphisms along the gauge-fixed directions:

Gmn = gmn − 1

2

[

e2φ (Rmn + Tr (AmAn) − 2∇mφ∇nφ) −∇mBn −∇nBm

]

θ2,

Gmν = i
[

ενλ e2φ (Am)λρ + ενρ(Bm + e2φ ∇mφ)
]

θρ, (3.45)

Gµν = i εµν

[

e2φ

(

1 − R

12
e2φ θ2

)

− 1

2
BpB

p θ2

]

.

3.4 Einstein manifolds

We now consider the class of Einstein manifolds, defined by the condition

Rmn = Λ gmn . (3.46)

Examples of Einstein spaces are the group manifolds and coset manifolds. For them, the

Killing-Cartan metric gmn is proportional to quadratic combinations of structure constants:

gmn ∼ f p
mq f q

np . We will start from well-known coset manifolds to give some interesting

examples.

For any Einstein manifold, super Ricci-flatness reads

Λ2

(
d

3
− 1

)

gmn =
1

2
Tr (FmpF

p
n ) , (3.47)

DnFmn = 0 (3.48)
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and Ricci-flat supermetrics have the form

Gmn = gmn

(

1 − Λ

2
e2φ θ2

)

− 1

2

[

e2φ (Tr (AmAn) − 2∇mφ∇nφ) −∇mBn −∇nBm

]

θ2,

Gmν = i
[

ενλ e2φ (Am)λρ + ενρ(Bm + e2φ ∇mφ)
]

θρ,

Gµν = i εµν

[

e2φ

(

1 − d

12
Λ e2φ θ2

)

− 1

2
BpB

p θ2

]

. (3.49)

When d > 3, the gauge field Am has to be turned on in order to fulfill the super Ricci-

flatness condition (3.47), while a trivial solution with Am = Bm = φ = 0 always exists if

the bosonic submanifold is 3-dimensional:

Gmn = gmn

(

1 − 1

2
Λ θ2

)

,

Gmν = 0 , (3.50)

Gµν = i εµν

(

1 − 1

4
Λ θ2

)

.

This shows a remarkable fact: on one side Einstein 3-folds are never Ricci-flat but on the

other side they are always super Ricci-flat, in the sense that they admit Ricci-flat super-

extensions. Moreover, formula (3.50) can be generalized to Einstein manifolds of any odd

dimension dB = 2k + 1 by

Gmn =
gmn

1 + Λ
2k θ2

,

Gmν = 0 , (3.51)

Gµν =
jµν

1 + Λ
2k θ2

+
Λ
2k θµθν

(
1 + Λ

2k θ2
)2 ,

where dF = 2k, jµν is defined by (3.17), and θµ = − i jµν θν.

4. Supermanifolds on bosonic coset manifolds

In the previous sections, we have explored the general case (at the linear level) and the

(d|2) case at the non-linear level. We expect that the results can be extended to the

generic case (dB |dF ). Nevertheless, we would like to present here some applications and

some examples to support our analysis. The best examples are for instance the supergroup

manifolds. Since the well-known fact that they are Einstein spaces can be straightforwardly

generalized to super-Einstein spaces. Furthermore, the proportionality constant between

the super-Ricci tensor and the metric is proportional to the virtual dimensions of the

manifold. In the case of odd dimensional real manifold the necessary (but not sufficient)

condition to have vanishing Ricci tensor is dB = dF + 1 where dB and dF are the bosonic

and the fermions real dimensions. For even dimensional manifold the relation becomes

dB = dF − 2 (see [29]).
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Let consider, for example, the spheres Sn = SO(n + 1)/SO(n), the Stiefel manifolds2

T n = SO(n + 1)/SO(n − 1), the projective spaces CP
n = SU(n + 1)/U(n), the space

T (p,q) = SU(2)×SU(2)/U(1) where the charge of subgroup is identified with a combination

pJ1,3 + qJ2,3 of the U(1)×U(1) charges of the subgroup. Then, there is a natural extension

of these spaces in the supercoset manifolds

S
(2n|2n−1) =

Osp(2n + 2|2n)

Osp(2n + 1|2n)
,

T
(2n|2n−1) =

Osp(2n + 2|2n)

Osp(2n|2n)
,

CP
(n|n+1) =

PSU(n + 1|n + 1)

SU(n|n + 1)
. (4.1)

The case of T (1,1) is a case of the second series, where n = 1 and the SO(2) is embedded in

the SO(4) as described above. Notice that in every case the supergroup in the numerator

is super Ricci flat (in particular the case of CP is a super-Calabi-Yau). The dimensions

of these space is (2n + 1|2n), (4n + 1|4n) and (2n|2n + 2) respectively. The dimension

of the bosonic submanifold is the dimension of the bosonic coset space. To check the

Ricci-flatness, the best way is too construct the supervielbeins EA.

This can be done as follows: we divide the generators of the algebra TA into two

subsets: T a belonging to the coset space and T a′
belonging to the subgroup. Then, we

define a group element g(x, θ) where x, θ are coordinates associated to the generators T a

where we have distinguished the bosonic and fermionic indices. The next step is to construct

the Maurer-Cartan forms from the differentials

g−1dg = EaTa + Ha′
Ta′ , (4.2)

where Ea are the supervielbeins and Ha′
are the so-called H-connections. The metric on

the group manifold is construct in terms of an invariant metric ηAB on the coset space,

ds2 = EA ⊗ EBηAB . (4.3)

The computation of the super-Ricci tensor is straightforward since the Maurer-Cartan

equations lead automatically the identification of RMN in terms of the structure constant

of the group. (see [40, 5]).

Obviously, the super-Ricci flatness concerns both real and complex supermanifolds and

we will present a simple example: the case of superprojective space CP
1|2.

4.1 CP
(1|2) as a Ricci-flat supermanifold

This projective supermanifold endowed with the Fubini-Study Ricci-flat Kähler superme-

tric, whose Kähler superpotential is

K = ln(1 + zz̄ + ϑ1ϑ̄1 + ϑ2ϑ̄2) , (4.4)

2They are a special case of V (p,q) = SO(p)/SO(q−p) and also for that we have found the supermanifold

generalization.
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must obey equations (3.12). The resulting components of the supermetric are given by

Gzz̄ =
1

(1 + zz̄)2

(

1 − 1 − zz̄

1 + zz̄
(ϑ1ϑ̄1 + ϑ2ϑ̄2) + 2

1 − 2zz̄

(1 + zz̄)2
ϑ1ϑ̄1ϑ2ϑ̄2

)

,

Gzϑ̄a
= − z̄ ϑa

(1 + zz̄)2

(

1 − 2
ϑ1ϑ̄1 + ϑ2ϑ̄2

1 + zz̄

)

,

Gϑaz̄ =
z ϑ̄a

(1 + zz̄)2

(

1 − 2
ϑ1ϑ̄1 + ϑ2ϑ̄2

1 + zz̄

)

, (4.5)

Gϑaϑ̄b
= − δab

1 + zz̄

(

1 − ϑ1ϑ̄1 + ϑ2ϑ̄2

1 + zz̄
+

2ϑ1ϑ̄1ϑ2ϑ̄2

(1 + zz̄)2

)

+
ϑ̄aϑb

(1 + zz̄)2

(

1 − 2
ϑ1ϑ̄1 + ϑ2ϑ̄2

1 + zz̄

)

,

from which one finds

gzz̄ =
1

(1 + zz̄)2
, gz̄z = (1 + zz̄)2 , tzāb̄ = taz̄b = 0 ,

lab̄cd̄ =
δad̄ δcb̄ − δab̄ δcd̄

(1 + zz̄)2
, hab̄ = − δab̄

1 + zz̄
, hb̄a = (1 + zz̄) δ b̄a ,

hzāb = − z̄δāb

(1 + zz̄)2
, hz̄ab̄ =

zδab̄

(1 + zz̄)2
, hab̄,mn̄ = −(1 − zz̄)δab̄

(1 + zz̄)3
.

(4.6)

The second equation (3.12) is identically satisfied and the first gives the well known result

RCP
1

zz̄ =
2

(1 + zz̄)2
= 2 gzz̄ . (4.7)

We also compute the contributions of the fluxes (the right hand side of (3.12)) and we have

hc̄dhdc̄,mn̄ + hcd̄hd̄e,mhef̄hf̄ c,n̄ = (1 + zz̄)δab̄ (1 − zz̄)δab̄

(1 + zz̄)3
+

zz̄δab̄δ
ab̄

(1 + zz̄)4
=

2

(1 + zz̄)2
(4.8)

which exactly cancels the contribution of the bosonic curvature showing that the super-

manifold is super-Ricci flat.

The construction of the supermetric from a supervielbein construction proceeds as

follows. We consider here the case CP
1|2for simplicity, but it can be adopted also for any

n. The supergroup manifold PSU(2|2) is generated by the bosonic generators mα
β, m̂α

β

and the fermionic generators qα
β, q̂α

β. They satisfy the following commutation relations

[mα
β,mγ

δ] = δα
δ mγ

β − δγ
βmα

δ , [m̂α
β, m̂γ

δ] = δα
δ m̂γ

β − δγ
βm̂α

δ ,

[mα
β, qδ

γ ] = −δα
γ qδ

β +
1

2
δα

βqδ
γ , [m̂α

β, qδ
γ ] = δδ

βqα
γ − 1

2
δα
β qδ

γ ,

[mα
β, q̂δ

γ ] = δδ
β q̂α

γ − 1

2
δα

β q̂δ
γ , [m̂α

β, q̂δ
γ ] = −δα

γ q̂α
β +

1

2
δα
β q̂δ

γ ,

{qα
β , q̂δ

γ} = a(δα
βmδ

γ + δα
βm̂δ

γ) , a2 = −1

(4.9)

and we assume the following hermitean conjugation rules

(mα
β)† = −mα

β , (m̂α
β)† = −m̂α

β , (qα
β)† = εαγ q̂β

γ , (q̂α
β)† = εαγqβ

γ , (4.10)
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It is convenient to introduce new combinations

Mα
±,β = mα

β ± m̂α
β , Qα

±,β = qα
β ± q̂α

β , (4.11)

and it is easy to verify that we have the schematic commutation relations

[M+,M+] ∼ M+ , [M+,M−] ∼ M− , [M−,M−] ∼ M+ ,

[Q+, Q+] ∼ M+ , [Q+, Q−] ∼ M− , [Q−, Q−] ∼ m+ ,

[M+, Q+] ∼ Q+ , [M+, Q−] ∼ Q− , [M−, Q+] ∼ Q− ,

[M−, Q−] ∼ Q+ .

(4.12)

This means that we can consider the subgroup H = {M+, Q+, tr M−} (where tr M− is

the element proportional to the unity) and therefore the coset is parametrized by {M− −
tr M−, Q−} and they correspond to the two bosonic directions and to the four fermionic

directions of CP
1|2. Finally, we can compute the supervielbeins associated to this model.

Let us denote by g(x, θ) a coset representative (see [41]) and then compute the MC forms

g−1∂g = Lα
− β(Mβ

−α − δβ
αtrM−) + Λα

−βQβ
−α + KΣTΣ , (4.13)

where Lα
− b is the MC form associated to the bosonic generator of the coset, Λα

−β is the

anticommuting MC form associated to the fermionic directions. TΣ are the generators of

the subgroup and KΣ are the H-connections. The supervielbeins are constructed by

Lα
−β = Eα

− βM∂ZM , Λα
− β = Ẽα

− bM∂ZM , (4.14)

where ZM = (Xµ
ν , θ

µ
ν). So, the metric and the B field can be written as

GMN = Eα
− β(M εαα′εββ′

Eα′

− β′N) + Ẽα
− β(M εαα′εββ′

Ẽα′

−β′N) ,

BMN = Eα
− β[M εαα′εββ′

Eα′

− β′N ] + Ẽα
− β[M εαα′εββ′

Ẽα′

− β′N ] , (4.15)

The bosonic coordinates Xµ
ν can be expressed in term of a set of complex coordinates

w, w̄, and for the fermionic coordinates we also introduce two pairs of complex anticom-

muting coordinates ϑi.

In the same spirit, we can consider the space

CP
(n|n+1) =

PSU(n + 1|n + 1)

SU(n|n + 1)
(4.16)

which is a super-Calabi-Yau. The metric of this space is obtained as follows: condider the

generators of PSU(n+1|n+1) which are (JA
B , QA

B′ ,KA′

B′) where J and K and the generators

of the first and the second SU(n + 1). The indices A,B,A′, B′ run over 1, . . . , (n + 1)2 − 1.

The fermions QA
B′ are (n+1)2 complex generators. In the subgroup there are the generators

Ja
b, J0, Q

a
B′ ,KA′

B . We decompose the generators of PSU(n + 1|n + 1) as follows JA
B =

Jn+1
b , Ja

b, J
n+1
n+1 and QA

B′ = Qn+1
B′ , Qa

B′ . Therefore, we take Jn+1
b , Qn+1

B′ as the generator

of the coset. Then, we have the supervielbeins and the H-connections

g−1dg = EbJn+1
b + EB′

Qn+1
B′ + ωa

bJ
b
a + ωB′

a Qa
B′ + ωA′

B′KB′

A′ + ω0J0 , (4.17)
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The supervielbeins (Eb, EB′
) form a multiplet of the fundamental representation of the

SU(n|n + 1) and therefore the metric is given by

ds2 = Ea ⊗ Ēbηab + EA′ ⊗ ĒB′
ηA′B′ . (4.18)

where (ηab, ηA′B′) is the Killing metric preserved by the transformations of SU(n|n + 1).

4.2 S
(3|2) as a Ricci-flat supermanifold

As a second explicit construction of a super Ricci-flat space, we consider the supersphere.

This is a generalization of the sphere as a coset space SO(n + 1)/SO(n). We define the

supersphere as the supercoset Osp(4|2)/Osp(3|2).
The generators of the group Osp(4|2) are TA

B, QA
α , Tα

β where TA
B, generate SO(4), Tα

β

generatr Sp(2) and QA
α are the fermions. They transform as a vector of SO(4) and a spinor

of Sp(2). We decompose the generators in terms of the subgroup generators as follows

(T a
b, T

4
a, Q

a
α, Q 4

α, T α
β). The generators of the subgroup are (T a

b, Q
a
α, Tα

β). Therefore, we

introduce the coordinates of the coset zi, θα and we define the superline

Z2 = δab xaxb + i εαβ θαθβ . (4.19)

It is easy to compute the supervielbeins: one gets

Ea =

√
2

1 + X2
dxa (4.20)

Eα =
i

(1 + X2)
1
2

(

dθα − θαxm

1 + X2
dxm

)

(4.21)

with X2 = x2 + θ2 and the metric is given by

ds2 = δab Ea ⊗ Eb + i εαβ Eα ⊗ Eβ . (4.22)

The various components of the metric are

Gmn =
2 δmn

(1 + x2)2

(

1 − 2θ2

1 + x2

)

+
xmxn

(1 + x2)3
θ2 ,

Gmν = − i xmθν

(1 + x2)2
, (4.23)

Gµν =
i εµν

1 + x2

(

1 − θ2

1 + x2

)

,

where xm = δmn xn and θµ = εµν θ ν . Notice that in this case the flux of the p-form is

normalized to unity and the normalization is fixed by the gauge-fixing.

It is easy to show that the space is super Ricci flat by computing the connection and the

Ricci tensor. This is another interesting example of a space which is rendered a super Ricci

flat. Notice that the supervielbein (Ea, Eα) is a metapletic representation of the subgroup,

namely it is a fundamental representation of the supergroup Osp(3|2). The metric (4.22)

is invariant under the subgroup action since the flat metric is invariant under the action of

the supergroup.

– 21 –



J
H
E
P
0
1
(
2
0
0
7
)
0
6
8

4.3 T
(1,1|4) as a Ricci-flat supermanifold

Another interesting space is the Sasaki-Einstein space T (1,1). This is identified with the

coset

T (1,1) =
SU(2) × SU(2)

U(1)
. (4.24)

This space is viewed as an S1 fibration over S2×S2 and this follows from the classification

given by Tian and Yau [42, 43]. Notice that the five dimensional regular Sasaki-Einstein

space are classified completely in terms of the Kälher-Einstein metric on the base. One

important example is S5 whose base is CP
2. Notice that using our technique one can

construct the corresponding super-Ricci flat space and it turns out that the supersphere is

given by

S
(5|4) =

Osp(6|4)
Osp(5|4) (4.25)

Notice again the supergroup Osp(6|4) is super-Ricci flat and the metric is obtained by

deriving the supervielbeins (Ei, Eαα′
) (the index i = 1, . . . , 5 and α,α′ = 1, 2 and they are

a vectorial representation of Osp(5|4). Indeed, by decomposing a generic group element as

g =




gA

B gA
ββ′

gαα′

B gαα′

ββ′



 , gA
B ∈ SO(6) , gαα′

ββ′ ∈ Sp(4) , (4.26)

the trasformed vielbein can be easily computed. Notice that Sp(4) ' SO(2, 3) and therefore

the spinorial representation of Sp(4) is isomorphic the spinorial representation of SO(2, 3).

This implies that we can pick four fermionic coordinates θαα′
.

Following the bosonic construction, we can see the sphere S5 as an Hopf fibration

of CP
2, one can show that the supersphere is an S1 fibration over the supermanifold

CP
(2|2) = SU(3|2)/U(2|2). The bosonic part of this coset is SU(3)×U(2)/(U(2)×U(2)) =

SU(3)/U(2) = CP
2. In addition, it has 3 × 2 − 2 × 2 = 2 complex fermions which can be

mapped into 4 real fermions. So, we conclude that the supersphere S
(5|4), which is super-

Ricci flat supermanifold, is a super-Sasaki-Einstein over the super-Kähler-Einstein CP
(2|2.

The condition to be super-Sasaki-Einstein is equivalent to state that the Hopf fibration of

its basis is a super-Ricci flat. This resembles the construction of the Calabi-Yau cone over

a bosonic Sasaki-Einstein where adding a non-compact radial direction, the space is Ricci

flat. Here, the additional fermionic coordinates guarantee the vanishing of the super Ricci

tensor. An important issue here is the fact that the bosonic submanifold is compact and

the non-compactness is in the fermionic directions.

Going back to T (1,1). This is a Sasaki-Einstein space and the Calabi-Yau constructed

on it is the conifold space. Adding one addition bosonic coordinates, one can achieve the

Ricci-flatness. The topology of the space Kähler-Einsteins space of its basis is CP
1 × CP

1,

and T (1,1) is a fibration over it. The superspace T (1,1|4) can be also viewed as an S1

fibration over a basis. Indeed, one can guess that the basis is the generalization of the

above considerations and

CP
1 × CP

1 −→ CP
(1|1) × CP

(1|1). (4.27)
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and therefore the superspace T (1,1|4) is the symmetric fibration over CP
(1|1)×CP

(1|1) leading

to

T (1,1|4) =
Osp(4|2)
Osp(2|2) , (4.28)

which is super-Ricci flat. Notice that one can also consider an Hopf fibration over a single

CP
(1|1) and this yields

T (1,0|4) =
Osp(4|2)
Osp(3|2) × CP

(1|1) (4.29)

which is not super-Ricci flat and we know that all other spaces, except T (1,1) do not yield

a supersymmetric vacuum. So, we could conclude that if the space turns out not to be a

super-Ricci flat supermanifold, then the compactification is not supersymmetric. However,

a complete analysis will be presented in a separate publication.

Notice that again the number of fermions matches correclty, for each factor CP
(1|1) =

SU(2|1)/U(1|1) is 2 × 1 − 1 × 1 = 1. This can be also seen from the explicit for of the

metric for T (1,1|4)

ds2 = Es ⊗ Es + α(EIEJηIJ + EαEβεαβ) + β(ÊI ÊJηIJ + ÊαÊβεαβ) (4.30)

where Es, (EI , Eα), (ÊI , Êα) are respectively a sinlget and two vector representations of

Osp(2|2). The form of the metric if Es = dσ + A, where σ is the coordinate on S1 of the

fibration and A is the gauge field on S1,3 shows that the even the superspace has the same

structure of the orginal bosonic space.

4.4 M-theory and seven dimensional supermanifolds

Similar considerations apply for the M-theory seven dimensional spaces. Let us consider

first the super-sevensphere S
(7|6). In order that this space is super-Ricci flat we need six

fermionic coordinates and this can be clearly obtained from the supercoset

S
(7|6) =

Osp(8|6)
Osp(7|6) . (4.31)

Notice that the supergroup Osp(8|4) is the supergroup compactification of the superme-

mbrane on AdS4 × S7. But this is not super-Ricci flat, on the other hand Osp(8|6) is

super-Ricci flat. Again, it can be viewed as an Hopf fibration of a Kähler-Einstein space

CP
(3|3) = SU(4|3)/U(3|3). This space has 4 × 3 − 3 × 3 = 3 complex fermions which are

mapped into 6 real fermions of S
(7|6).

Another notable example is the space

Mpqr =
SU(3) × SU(2) × U(1)

SU(2) × U(1) × U(1)
(4.32)

3The gauge field A is a superconnection and therefore it has bosonic and fermionc components A =

(AIdyI + Aαdθa) + (ÂIdŷI + Âαdθ̂a) where (yI , ŷI , θα, θ̂α) are coordinate of CP
(1|1)

⊗ CP
(1,1). In order to

determine the complete supercoonection given the bosonic counterparts we impose the usual superspace

constraints, namely all fermionic components of the field strength are set to zero and we require that there

is no gluino field, or equivalenty that first componet of the spinorial field strength is set to zero.
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which is a real sevem dimensional space. According to the general rule, the number of

fermions needed to make it super-Ricci flat is six. This means that one way to converted

the bosonic space into a supermanifold we can guess the following form

M (pqr|6) =
SU(3|2)

SU(1|2) × SU(1|1) . (4.33)

To write the super metric we have to decompose the generators of SU(3|2) into those of the

subgroup. We have (TA, Ta, T0, Q
I
j ) where TA ∈ su(3), Ta ∈ su(2) (in the adjoint repr.) and

QI
j are in the fundamental representation of SU(3) × SU(2). In addition, there is a charge

carried by the fermions and generated by T0. The generators of su(3) are decomposed into

(T8, T
′
A) where T8 is one of the generators of the Cartan subalgebra of su(3). The fermions

are decomposed into QI
j = (Q3

j , Q
i
j−δi

jtrQ, trQ). Therefore, the generators of the subgroup

are (T8, Ta, Q
3
j ) ⊕ (T0, trQ). So, the supervielbeins are organized as follows

(EA′
, Ei

j) =
(
es, (e1, f1

i ), (e2, f1
i ), (e3, f1

i )
)

(4.34)

where eΛ (Λ = 1, 2, 3) are complex vielbeins corresponding to the generators (T 1±iT 2, T 4±
iT 5, T 6 ± iT 7) and fΛ

i are the fermions in a fundamental representation of SU(2). In this

way we see that the the supervielbeins are organized according to the representations of

SU(1|2). The field vielbein es is a singlet. The decomposition (4.34) is aslo a representation

of the second subgroup. Therefore, the complete supermetric is given by

ds2 = es ⊗ es +
∑

Λ

gΛ

(

eΛ ⊗ ēΛ + fΛ
i ⊗ fΛ

j εij
)

(4.35)

where gΛ have to be tuned in a way such that the metric is super-Ricci flat. However, it

has to be checked if this is really possible.

There are other example as

M100|6 =
Osp(6|4)
Osp(5|4) × CP

(1|1) , (4.36)

M010|6 =
Osp(4|2)
Osp(3|2) × CP

(2|2)

and they have different topologies: the first one has the topology S5 × S2, and therefore

it can be view as a fibration over CP
2 × CP

1, the second one has the topology S3 × CP
2

and it can be viewed as an S1 fibration of CP
1 × CP

2. The two space constructed above

are not super-Ricci flat, but they are super-Einstein spaces due to the presence of CP
(n|n).

Notice that according to the previous considerations, we have that a super-Hopf fibra-

tion can be derived as follows

Osp(2n + 2|2n)

Osp(2n + 1|2n)
= (S1 ↪→ CP

(n|n)) = (S1 ↪→ SU(n + 1|n)

SU(n|n)
) (4.37)

The two spaces in (4.36) are the two extreme case when the fibration is either over CP
2 or

over CP
1. In the other case, one has a mix of the two superspace which however cannot

be written in a simple way.
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As an example of the super-Hopf let us consider the case of supersphere n = 1 in the

above formula which is a super-Hopf fibration of CP
(1|1). In particular, we can view the

supersphere as the locus in R
(4|2) given by the curve4

4∑

I=1

X2
I + εαβθαθβ = 1 (4.38)

The supersphere has the isometry Osp(4|2). On the other side, the space CP
(1|1) is a

super-Kähler and it is obtained by embedded the curve

3∑

i=1

X2
i + θθ̄ = 1 (4.39)

in the superspace R
3|2 which has the isometry Osp(3|2). The Hopf map is obtained by

setting the following identification

x1 = 2(X1X2 + X3X4) − (X1X4 − X3X2)εαβθαθβ ,

x2 = 2(X1X4 − X3X2) + (X1X2 + X3X4)εαβθαθβ ,

x3 = X2
1 + X2

3 − X2
2 − X2

4 , (4.40)

θ = θ1 + iθ2 ,

θ̄ = θ1 − iθ2 ,

In this way, one can see that there is the Hopf map between the S
(3|2) and CP

(1|1). One

can also see that for each point of CP
(1|1) there is a circle in the bigger space. Notice that

the circle is purely bosonic. However, one can also find a circle (one parameter surface in

the bigger space) with fermionic direction. Namely, the circle extends also in the fermionic

part of the supermanifold. In the same way, one can show the Hopf fibrations for the other

coset spaces.

If we consider the space (4.31) as part of the vacuum of 11d supergravity, we have

to discuss also the rest of the space. The space S
(7|6) has only 6 fermions and therefore,

the rest of the superspace should have 26 fermions. This, however, is not a multiple of

4 and there is no such a supersymmetric vacuum. One possible choice is to consider the

superspace CP
(3|4) and construct an Hopf fibration on it. This resembles the construction

given in [44]. There, the compactification of CP
3 is studied. The resulting theory is N = 3

on AdS4 with RR fluxes. The natural superspace construction is to replace CP
3 with

CP
(3|4) and the AdS4 with Osp(6|4)/SO(6) × SO(1, 3). The solution of type IIA can be

embedded in M-theory by an Hopf fibration over CP
3 obtaining a compactifcation on a S7.

Notice that the superspace

Osp(6|4)
SO(6) × SO(1, 3)

× CP
(3|4) , (4.41)

4The coordinates XI have to be considered as even objects and not as numbers. This can be done using

the technique of supermanifolds with a fix number of odd generators.
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has already 32 fermions and it is not super-Ricci flat. Indeed, while the factor CP
(3|4) is a

super-Calabi-Yau, the first factor is not super-Ricci flat unless a torsion is added (see [5]).

So, it is conceivable that we can construct a new supermanifold that compensate the non-

Ricci flatness of the first factor by adding an additional bosonic coordinate. On the other

hand, we can render the second factor non-Ricci flat.

4.5 F-theory and nine dimensional supermanifolds

Following the suggestions of the previous sections, we can consider the F-theory in 12-

dimensions. One can compactify the theory on a nine sphere in order to preserve the

supersymmetry. It is natural to consider the space

CP
2 × CP

2 (4.42)

which is a symmetric product of compact spaces and this resembles the case of T (1,1). In

particular one can construct a space which is a fibration over (4.42)

SU(3) × SU(3) × U(1)

SU(2) × SU(2) × U(1) × U(1)
(4.43)

which is a nine dimensional space. Obviously, there is also the nine sphere SO(10)/SO(9)

and this is obtained by an Hopf fibration over CP
4. Therefore, in this case we have the

following supermanifold

S9 ↪→ S
(9|8) =

Osp(10|8)
Osp(9|8) . (4.44)

The space is super Ricci flat and it contains eight fermions. The metric can be computed

in the usual way (see above). In addition, we can construct a superHoft fibrations starting

by (4.42) and we have the two cases

R9|8 =
Osp(6|4)
Osp(5|4) × CP

(2|2) , (4.45)

R̂9|8 =
Osp(6|4)
Osp(4|4)

Notice that the first one is not super-Ricci flat since CP
(2|2) is a super-Kähler-Einstein

space and the first factor is super-Ricci flat. The second one is exactly one of the member

of the series T
(2n|2n−1) given in (5.58).

5. RR fields and supermetric

We have already suggested that the flat supermetric in the fermionic direction is not a

model-independent concept and therefore we would rather not use it. On the other side,

for the applications we are interested in, we have to our disposal the RR field strengths

that can indeed provide some bispinors. For example, the case of IIB supergravity in 10d,
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we have the following RR field content:

Fµν = γµν
m Fm + γµν

mnpF
mnp + γµν

[mnpqr]F
[mnpqr] , (5.1)

where Fm, F [mnp] and F [mnpqr] are 1-, 3- and 5-forms. They are the field strength of the RR

fields. Notice that the Dirac matrices γµν
m and γµν

[mnpqr] are symmetric in the spinorial indices

while γµν
mnp is antisymmetric. Therefore, it is natural to identify non-anticommutativity of

the Grassmann coordinates θµ with the symmetric part of the RR field strength and the

first component of the supermetric in the fermionic direction with the antisymmetric part

of the RR field strength

gµν(x, θ) = γ[mnp]
µν F [mnp] + O(θ) . (5.2)

We have to notice that by the choice (5.2) we have to change the gauge fixing into

gµν(x, θ)θµθν = γ[mnp]
µν F [mnp]θµθν . (5.3)

The consequences of these choices will be presented somewhere else where the construction

of the supermetric from string theory will be presented. It is however very satisfactory to

see that all RR fields have an interpretation from a supergeometry point of view.
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A. Equation for Rmb = 0 at the lowest order in θ.

In this section, we display the formula for the lowest order exapnsion of the mixed fermion-

boson component of the super Ricci tensor. Again, from this equation we can find that

there are enough free parameters that can be fixed to solve it algebraically.

– 27 –



J
H
E
P
0
1
(
2
0
0
7
)
0
6
8

Rmb =

[

1

2
g pq (− tmbg;qp + tqbg;mp − fqpbg;m + fmpbg;q)

+
1

4
g pq hef (2 tq(eb) + heb,q)(tmfg;p + tpfg;m − fmpfg)

−1

4
g pq hef (2 tm(eb) + heb,m)(tqfg;p + tpfg;q − fqpfg)

− 1

2
hcd(wmbdcg + wmcdbg + ldcbg,m + ldbcg,m)

−1

4
g pqhcd(2 tq[dc] − hdc,q)(tpbg,m − tmbg,p + fpmbg)

−1

4
g pqhcd(2 tq[db] − hdb,q)(tpcg,m − tmcg,p + fpmcg)

−1

4
hcd h ef (2 tm(eb) + heb,m)(lfdcg − lfcdg − ldcfg)

+
1

4
hcd h ef g pq tqfg (2 tm(eb) + heb,m)(2 tp[dc] − hdc,p)

−1

4
hcd h ef (2 tm(ec) + hec,m)(lfdbg − lfbdg − ldbfg) (A.1)

+
1

4
hcd h ef g pq tqfg (2 tm(ec) + hec,m)(2 tp[db] − hdb,p)

+
1

2
g pq hcd tqcg (fmpdb + h db;mp + 2 tmbd;p − 2 tpdb;m − tpbd;m + tmdb;p)

+
1

4
g pq hcd hef tqcg (2 tm(ed) + hed,m)(2 tp(fb) + hfb,p)

−1

2
g pq hcd hef tqcg (2 tm(eb) + heb,m)(2 tp(fd) + hfd,p)

]

θ g + O(θ3)

= 0 ,

B. Expansion using supervielbeins

In the present appendix, we give an alternative way of proceeding using the supervielbeins-

superconnection description of Ricci tensor. This technique seems to be useful, when the

supervielbeins can be easily computed. One part of the system is simple to solve, but the

complete system has the same problems as the metric approach used in the text.

As in the present case when there are just two fermionic directions, the supervielbein

and superconnection θ-expansions are given by

E a
m = 0E a

m + 2E a
m θ2 , (B.1)

E a
µ = 1E a

µν θν ,

E α
m = 1E α

mν θν ,

E α
µ = 0E α

µ + 2E α
µ θ2
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and

Ω a
bm = 0Ω a

bm + 2Ω a
bm θ2 , (B.2)

Ω a
bµ = 1Ω a

bµν θν ,

Ω a
βm = 1Ω a

βmν θν ,

Ω a
βµ = 0Ω a

βµ + 2Ω a
βµ θ2 ,

Ωα
bm = 1Ωα

bmν θν ,

Ωα
bµ = 0Ωα

bµ + 2Ωα
bµ θ2 ,

Ωα
βm = 0Ωα

βm + 2Ωα
βm θ2 ,

Ωα
βµ = 1Ωα

βµν θν .

where 0E a
m and 0Ω a

bm are the ordinary vielbein and spin-connection over the body Mm .

In order to simplify calculations, one can fix the gauge with respect to superdiffeomorphisms

assuming that

EA
µ θµ = δA

µ θµ (B.3)

and

ΩA
Bµ θµ = 0 , (B.4)

which in terms of components is equivalent to set 1E a
[µν] = 0 , 0E α

µ = δ α
µ , 0Ω a

β = 0Ωα
b =

0 , 1Ω a
b[µν] = 1Ωα

β[µν] = 0 . To solve the super Ricci-flatness condition, we have to deal with

the definition (2.8) of spin-superconnection and the equation

(−1)M(B+1) EM
A

(

ΩA
B[M,N ] − (−1)M(B+C) ΩA

C[M ∧ ΩC
BN ]

)

= 0 (B.5)

obtained by contracting a couple of superindices in (2.11). Introducing expansions (B.1)

and (B.2) into (2.8) one gets eleven equations one of which is nothing but the usual defi-

nition of spin-connection over the body manifold Mm while the other ones can be solved

algebraically by using 2E a
m , 1E a

(µν) , 1E α
mν , 2E α

µ , 2Ωa
bm , 1Ωa

βmν , 0Ωα
βm , 1Ωa

bµν , 2Ωa
βµ ,

2Ωα
bµ . Then we have five more equations coming from θ-expansion of (B.5). The three

lowest order ones corresponding to boson-boson, boson-fermion and fermion-fermion sec-

tors of the Ricci supercurvature respectively read

0R bn = −1Ωα
bnα , 1Ω a

βaν = 1Ωα
β(αν) , (B.6)

∇[a
1Ω a

βn]ρ + 2Ωµ
βn εµρ −

1

2
∇n

1Ωµ
βµρ +

1

2
1E µ

aρ
1Ωa

βnµ +1E m
αρ

0Rα
βmn = 0 (B.7)

and it is evident that also these equations can be solved algebraically by 1Ωα
bnα , 1Ωα

β(αν) ,
2Ωµ

βn. In conclusion, the whole system of conditions boils down to a couple of equations

corresponding to highest order contributions to the Ricci supertensor: in particular from

the boson-boson and fermion-fermion sectors one respectively obtains

∇[a
2Ω a

bn] +1Ω a
γ[aρ

1Ωγ
bn]σ ερσ + 2Em

a
0R a

bmn − 1

2
∇n

2Ωα
bα

+
1

2
1Ωα

γαρ
1Ω γ

bnσ ερσ − 1

2
1Ωα

cnρ
1Ωc

bασ ερσ +
1

2
2E µ

α
1Ωα

bnµ

−1

2
1E µ

aµ
2Ωa

bn − 1

2
1E µ

aρ ∇n
1Ωa

bµσ ερσ + 1E m
αρ ∇[m

1Ωα
bn]σ ερσ = 0

(B.8)
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and
1

2
∇a

2Ωa
βν +

1

2
1Ωa

γaρ
1Ωγ

βνσ ερσ − 1

2
1Ωa

cνρ
1Ωc

βaσ ερσ

−1

2
2E m

a
1Ωa

βmν +1Ωα
γ(α

1Ωγ
βν) + 2E µ

α
1Ωα

β(µν)

−1E µ
a(µ

2Ωa
βν) +

1

2
1E m

αρ ∇m
1Ωα

βνσ +1E m
αν

2Ωα
βm = 0, .

(B.9)

Such a mechanism works recursively in any fermionic dimension, so in general the con-

sistency condition which determines when an ordinary manifold can be embedded into a

super Ricci-flat supermanifold consists also at non-linear level of one tensorial and one

scalar differential equation for the Ricci tensor of the body manifold Mm.
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